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Bevond the Born and Rytov Approximations:
A Nonlinear Approach to Electromagnetic Scattering
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Schiumberger-Doll Research, Ridgefield, Connecticut

The Born and Rytov approximations, widely used for solving scattering problems, are of limited
utility for low-frequency electromagnetic scattering in geophysical applications where conductivity
can vary over many orders of magnitude. We present four new, relatively simple nonlinear estimators
that can be used for rapid electromagnetic modeling. The first, termed the static localized nonlinear
approximation, is designed specifically to correct the magnitude of the electric field internal to the
scatterer. The second, termed the localized nonlinear approximation, improves the estimate of the
phase of the scaitered field and includes some of the cross-polarization effects due to full wave
scattering. Two further new estimators, based on the Rytov transformation (the localized nonlinear
Rytov and the static localized nonlinear Rytov approximations) are designed to further improve the
estimation of the phase of the scattered field, especially at high frequency and for larger size scatterers.
Although these approximations are nonlinear functions in conductivity, they are generally much faster
to compute than the full forward problem, and are almost as efficient as the Born or Rytov
approximations. Moreover, the enhanced accuracy of the new estimators has made us optimistic about
their application to low-frequency three-dimensional inverse problems in electromagnetics. The
approximations developed in this paper will also be applicable to fields such as quantum mechanics,

optics, ultrasonics, and seismology.

INTRODUCTION

The Born and Rytov approximations are widely used for
solving scattering problems in acoustics, elastodynamics,
electromagnetics and quantum mechanics. The Born ap-
proximation and the Born series were developed by M. Born
in 1926 (Born, 1933] in connection with the solution of what
is now known as the Lippmann-Schwinger integral equation
that describes many-body scattering in quantum mechanics.
The original Born approximation dealt with the scattering of
a plane wave by a localized scatterer in a homogeneous
medium (the background medium). Now, it has come to
denote any approximation of the integral equation of scat-
tering in which the total field in the integral over the
scattering volume is approximated by the field in the back-
ground medium. When the background medium is more
complex than a homogeneous medium (e.g., a layered me-
dium), the approximation is usually called the distorted-
wave Born approximation. In fact, for electromagnetic prob-
lems, an approximation using the background field as the
internal electric field in the scattering integral was developed
by Lord Rayleigh in 1881 [Jackson, 1975).

Approximating the total internal electric field by the
background field is reasonable for small material contrasts as
long as the scatterer is not too large and the frequency not
too high [Born and Wolf, 1980; Nieto-Vesperinas, 1991].
However, in many low-frequency geophysical applications,
moderate- and high-conductivity contrasts cause both the
amplitude and phase of the internal electric field to differ
greatly from background values.

The Born approximation is also popular in inverse scat-
tering since it renders the scattering linear with respect to the
material properties. When the background medium is homo-
geneous, the inverse problem can often be solved analyti-
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cally in a form that is easy to compute [Oristaglio, 1989].
Limitations of the Born approximation in a homogencous
background medium can be ameliorated by an iterative
approach, where the background medium is updated at each
iteration and the distorted-wave Born approximation is used
[Habashy et al., 1986). This approach, however, does not
always converge rapidly, particularly at high frequencies and
for large scatterers. In electromagnetic problems, it is also
less effective for transverse magnetic (TM) polarization than
for transverse electric (TE) polarization problems [Habashy
et al., 1986, 1990].

Related to the Born approximations is the Rytov approx-
imation which assumes a particular functional form for the
field (in terms of the exponential of a complex phase func-
tion) before linearizing the scattering problem. The Rytov
approximation or transformation is widely used in problems
where the length scale of fluctuation is large compared to the
wavelength, since its exponential representation is thought
to be more representative of wave propagation than the
algebraic series representation of the Born approach.

In this paper we show that certain modifications of the
Born and Rytov approximations can improve their accuracy
dramatically. We present new and relatively simple approx-
imations for the internal electric field which largely account
for the full scattering. We illustrate these approximations
using the electromagnetic response of a spherical scatterer.
Results for the new approximations are much better than the
Born and Rytov approximations for conductivity contrasts
over several orders of magnitude. These new approxima-
tions are generally much faster to compute than the full
forward problem and are almost as efficient as the Born or
Rytov approximations. The new approximations should
have wide applicability both for inverse and forward scatter-
ing problems in electromagnetics. Distorted-wave Born or
Rytov algorithms will be greatly enhanced, not only in terms
of speed and accuracy but also in their range of applicability.

The formulation outlined in this paper for the spherical
geometry can be generalized to geometries such as rectan-
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